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Abstract 

The interrelation between analytic functions and real-valued func- 
tions is formulated in the work. It is shown such an interrelation 
realizes nonlinear representations for real-valued functions that allows 
to develop new methods of estimation for them. These methods of 
estimation are approved by solving the Cauchy problem for equations 
of viscous incompressible liquid. 
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INTRODUCTION 

The work of L. Fadeyev dedicated to the many-dimensional inverse prob- 
lem of scattering theory inspired the author of this article to conduct this 
research. The first results obtained by the author are described in the works 
[2,3,4]. This problem includes a number of subproblems which appear to be 
very interesting and complicated. These subproblems are thoroughly consid- 
ered in the works of the following scientists: R. Newton [6], R. Faddeyev [1], 
R. Novikov and G. Khenkin [5], A. Ramm [4] and others. The latest advances 
in the theory of SIPM (Scattering Inverse Problem Method) were a great stim- 
ulus for the author as well as other researchers. Another important stimulus 
was the work of M. Lavrentyev on the application of analytic functions to 
Hydrodynamics. Only one-dimensional equations were integrated by SIPM. 
The application of analytic functions to Hydrodynamics is restricted only by 
bidimensional problems. The further progress in applying SIPM to the so- 
lution of nonlinear equations in R3 was hampered by the poor development 
of the three-dimensional inverse problem of scattering in comparison with 
the progress achieved in the work on the one-dimensional inverse problem of 
scattering and also by the difficulties the researchers encountered building 
up the corresponding Lax' pairs. It is easy to come to a conclusion that 
all the success in developing the theory of SIPM is connected with analytic 
functions, i.e., solutions to Schrodinger's equation. Therefore we consider 
Schrodinger's equation as an interrelation between real-valued functions and 
analytic functions, where real- valued functions are potentials in Schrodinger's 
equation and analytic functions are the corresponding eigenfunctions of the 
continuous spectrum of Schrodinger's operator. The basic aim of the paper is 
to study this interrelation and its application for obtaining new estimates to 
the solutions of the problem for Navier-Stokes' equations. We concentrated 
on formulating the conditions of momentum and energy conservation laws in 
terms of potential instead of formulating them in terms of wave functions. 
As a result of our study, we obtained non-trivial nonlinear relationships of 
potential. The effectiveness and novelty of the obtained results are displayed 
when solving the notoriously difficult Chauchy problem for Navier-Stokes' 
equations of viscous incompressible fluid. 
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1 Basic Notions and Subsidiary Statements 



Let us consider Shrodinger's equation — Aa;^? + qip = \k\^^p (1.1) 

3 

where q - is a bounded fast-decreasing function,/;; G i?^, \k\'^ = J2 ^j- 

Definition 1.1 Rolnik's Class H is a set of measurable functions q, 

II II f q{x)q{y) 
g R = / n —dxdy<oo. 

It is considered to be a general definition ( [8], p. 110). 

Theorem 1.1 Suppose that q G R; then a exists a unique solution of equa- 
tion with asymptotic form ( li.^j as ^ oo 

^^{k, x) = e'^'^'") + ——A±{k, k')+0{ — ] (1.2) 

\x\ VfI/ 



where 



3 

X 



X ^ , k — I k I "j j" , (^k J X ^ — ^ ^ kjXj J 

j=i 



A±{k,X) = — ^ / q{x)(P^{k,x)e-'^^'''^dx. 



(27r)3 

r/ie proof of this theorem is in [8], p. 110. 

Consider the operators H = —A^ + q{x), Hq = —A^ defined in the dense 
set W2{R^) in the space L2{R^). The operator H is called Schrodinger's 
operator. Povzner [9] proved that the functions ip_^{k,x) form a complete 
orthonormal system of eigenfunctions of the continuous spectrum of the op- 
erator H, and the operator fills up the whole positive semi-axis. Besides the 
continuous spectrum the operator H can have a finite number of nega- 
tive eigenvalues Denote these eigenvalues by —Ej and conforming normalized 
egenfunctions by i/jj{x, —E'^){j = 1, A^), where i/jj{x, — i??) G L2{R^). 
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Theorem 1.2 (About Completeness) For any vector-function f G L^^B?) 
and eigenfunctions of the operator H, we have Parseval's identity 



where fj and f are Fourier coefficients in case of discrete of and continuous 
spectrum respectively. 

The proof of this theorem is in [9]. 

Theorem 1.3 (Birman - Schwinger's Estimate ). Suppose q E R. 
Then the number of discrete eigenvalues of Shrodinger operator satisfies the 
estimate 



The proof of this theorem is in [14], p. 114. 
Definition 1.2 ([8], p. 118) 

T±{k, k') = — ^ / if±{x, k')e^'^^^''^q{x)dx. T±{., .)is called T- matrix. 




(1.3) 





Let us take into consideration a series for T± : 



oo 




(1.4) 



n=0 



where 





q{xi) X ...X 



i?3{»i+l) 



,±i|fc'||a;„_i-a;„| 



X... X q{Xn-l) 



.-1 - X, 



n 



As well as in [8], p. 120 we formulate. 
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Definition 1.3 Series (|J.^P is called Bom's series. 



Theorem 1.4 Let q E Li{R^) fl R . // \\q\\li < 4:Tc, then Bom's series for 
T{k, k') converges as k, k' E B? . 

The proof of the theorem is in [8], 121. 

Definition 1.4 Suppose q G R; then the function A{k,\), denoted by the 
following equality 

A) = 7 — / , (/c, x)e"**''^'^)(i3;, is called scattering amplitude 

(1.5) 



Corollary 1.1 Scattering amplitude A{k,X) is equal to T-matrix 
A{k,\)=T+{X,k) = ^ j g(x)0+(fc,x)e-*(^'^)cix. 

The proof follows from definition II. 4[ 

It is a well-known fact [1] that the solutions (f)_^_{k,x) and (f)_{k,x) of 
equation (II. ip are linearly dependent 

0+ = (1.6) 

where S* is a scattering operator with the nucleus S{k, A) of the form S{k, A) = 
/ 4>j^{k, x)(f)\{X, x)dx. 

Theorem 1.5 ( Conservation law of Impulse and Energy) Assume 
that q eH, then 

SS* = I, S*S = I, where I is an unit operator. 

The proof is in [1]. 

Let us use the following definitions 

q{k) = J q{x)e'^^^''^dx, q{k - A)) = j q{x)e'^^-^^''^ dx, 



gmv(A;)= q{k-X))5{\k\^-\X\^)dX, 



qyK - A))uy\K^'^ '^'^^ 
7 



AUk) = J A{k,l))5{\k\'-\l\')dl, (1.7) 
J f{Kl)deu^ J f{k,l)5{\k\^-\l\^)dk, J f{Kl)dex^ J f{k,l)5{k''-\l\^)dl, 

RS R3 

where k, X & and Cfe = j|| , = j^. 
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2 Estimate of Amplitude Maximum 



Let us consider the problem of estimating the maximum of amphtude, 
i.e., max \ A{k, k)\. Let us estimate the n term of Born's series A;)|. 

Lemma 2.1 \Tn{k,k)\ satisfies the inequality 



-f = CS\\q\\ + ATTMq5, C6 = 2^, 
where 5 -is a small value, C is a positive number, Mq = maxlgl. 

Proof. It follows from the definition of Born's series (II. 3p . that 

\TJk,k)\ < , \, , \ \BnV 
' ^ ' ^' - (27r)3 (47r)"' 

-On— / "j i" 1 9a:„ I "2;o • • • 

J 1*^0 •^l I 1^1 ^2 1 l^n— 1 I 

i?3{n + l) 

For the purposes of clarity, let us consider the following cases. 



1. Let us calculate 



J \xo-xi\ 

Re 

such that 

1 ~ 9-Tr 
xq — xi \k\'^ 

Let (g, /) be the scalar product of the functions q and / in L2, where simbol 
* is a complex-conjugate value. Then 

^ '^^'^'^ dx, = (q, /) = j^Jq, n = J—[ q{kf^^dk. 



J \xo-Xi\ " (27r)3^^'' ' (2^)27 ^ |A;| 

il3 
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And 



J |a;o-2;i| 



dk. 



RS R3 

2. Let us calculate 
Bo 



^i^dxor^^dxMx2)dx, 



I^O - Xi\ \Xi — X2\ 

f ^(^) g.(Mi)^^. ^(^i) 



\Xi - X2\ 



-dxi q{x2) dx 



2- 



R^ 



Then 



IB2I < 



\m\ 



dk 



RS 



(27r)2 J \k\^ 
3. And, in the general case 



\xi - X2\ 



-dxi q{x2) dx2 



< 



\m\ 



dkBi. 



R3 



Bn+l\ < 



R3 



2n 



'■\ m\ 



dk Bi. 



Let us separately calculate the following expression: 

\m\ 



dk+ I ^-^rrTTrdk^ ai + a2, 



] iki-"^"- J \k\^ ^^+7 \k\^ 

R^ \k\>S \k\<S 



where S-is a positive number. 

\m\ 



\k\>5 



\k\' 



'-dk < 



\q{k)\^dk 



\k\>5 



\k\>5 



dk 

w 



where 



C5 



\k\>S 



\k\'~ \l 5- 
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Let us consider 



a2= f ^-^^^dk <C5\\q\\+4TTMq6 = Mq = max\q{k)\. 
J \k\'^ fee-R3 

\k\<S 

^ (2^)2(n+l) y |^|2 

Therefore 

This proves Lemma ETH 

Theorem 2.1 Suppose that 7 < IGtt^, i/ien max |y4(fc, satisfies the fol- 
lowing estimate 

max\A{k,k)\ < j^j^ / ^^dk, 

where 7 = C5||(7|| +4:7rMq6, 6 is a small value, C6 = 2y^, M6 = max|gl. 



Proof. Using Born's series for amplitude, we obtain 

00 

A{k, k) = T{k, k) = J2 Tn{k, k). 

n=0 

Now, correctness of the theorem statement follows from Lemma I2.1[ This 
completes the proof of Theorem I2.1[ 
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3 Representation of Functions by its Spherical 
Averages 

Let us consider the problem of defining a function by its spherical average. 
This problem emerged in the course of our calculation and we shall consider 
it hereinafter. 

Let us consider the following integral equation 



I qm\t-k\'-\k\')dt = fm, (3.1; 



3 

where k,t e R^, 6 is Dirac's delta function, / G W2{R^), |A;p = ^kf, 



=1 



3 

{k, t) = ^ kiti. 

i=l 

Let us formulate the basic result. 
Theorem 3.1 Suppose that f G W2{R^), then 

TV 2tt 

(27r)^g(r,e,r/) = -^|^ / / f/(77^,e.) + 



rdr"^ J J \ (efc, e^) 




where 



2r _ 2r 

/(- -,ek) = q{-, -,eyt),sin6' d9 dcj) = dck, sinf d^dr] = dcs, r = \t\. 

{ek,es) {ek,es) 

Proof. Let us represent 03. ip in the following way 

J q{t)5{\t\^-2{k,t))dt = f{2k). (3.3) 



Let us define the following new symbols and variables 
t k 

W = Vk 



t k 

et = -j-r, Cfc = — , ti = \t\ sin 9 cos 0, t2 = \t\ sin 6* sin (p, = \t\ cosi 



Ul, sin 6 dO dd) = dd. 
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Using these symbols in (13.31) . we have 

OO 77 27r 

q{r, e, (f)y6{r^ - 2r{et, k)) sinO dr dO d(f) = f{2\k\,ek). (3.4) 



Similarly for the opposite direction of k, we obtain 

OO 7r 2-77 

q{r,e,(l)yS{r^ + 2r{et,k)) sine dr dO dcj) = f{2\k\,-ek) (3.5) 



Suppose q{r, 6, 4>) = q{—r, 9, (/)), where the bar means is a complex conju- 
gation. 

In equation (13.51) . making a change of variables r = — r, we get 

TT 27r 

g(-r, 6*, (pySir"^ - 2r{et, k)) sin^ dr dO dcp = f{2\k\, -e^). (3.6) 

-OO 

Summing complex conjugation (13.61) and (13.41) . we get 

OO TT 2tT 

q{r, 9, (f))r'^5{r'^ — 2r{et, k)) sin 9 dr d9 d(j) = 

-OO 

= /(2|A;|,efc) + /(2|A:|,-e,) (3.7) 

Now, let us use for q 

~ 9{r,9,(j)) 

q = • 

r 

For g we have the following Fourier formulas 

OO OO 

9h.0,^)= J gir,9,(j))e"'^dr, g{r,9,<j)) = ^ J gi^,9,c^)e'^^d^. 

— OO — OO 

Using q, let us represent ( 13. 7p in the following way 

OO 7r 27r OO 

^(7, 9, (j))e''''^r6{r^ - 2r{et, k)) sin^ dr d9 dcj) d^ = 

— OO — OO 

= /(2|A;|,efc) + /(2|A;|,-efc). (3.8) 
13 








Using (5- function in the left side of the equahty fl3.8l) . we obtain 

CXD TT 27r 

^ 1 1 1 ^' ^ '^^ ^'^ = 

-oo 



= f{2\k\,ek) + f{2\kl-ek). (3.9) 

Multiplying the equation (|3.9I) by e''^'''^^ and integrating it in i?^ with respect 
to A;, we obtain 



oo 7r 2-7r 

1 




47r 

_R3 -oo 



9 



(7, 9, (/))e*(^-27et,fe) ^ 



= y (^f{2\k\,ek) + f{2\k\,-ek)) e^^^'^^dk. (3.10) 

According to the definition of (5-function we get 

e'^'-^^'"''Uk = {27ifSis-2-fet). 



R3 

Then, from equation f l3.10p . we obtain 

oo 7r 27r 

g{'j, 9, (j))6{s — 2'yet) sm9 d9 dcj) d'j 



An 




-oo 



f{2\k\,ek) + f{2\k\,-ek))e"^^''Uk. 



R3 



In the left side of the equation the integral of 7 is substituted for the two 
integrals 



00 00 



—00 —00 

that is, 



(270 
An 



00 TT 27r 

3 ■ 



/ / / 2764) sin ^ d(j)d-f + 



,000 
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TT 27r 

+ 

-oo 



J J J ail, ^> - 276*) sin e de d(f) d-f\ = 
/ 

J (/(2|fc|,efc)+/(2|fc|,-e,)) e'^'^'^dk. 



Substituting the variable 7' for —7, in the second integral of left side of the 
equation, we obtain 



CO n 2n 

3 



An 

\o 

TT 27r 

+ 



g{j, e, (j))S{s - 2jet) sin 6' dO dcf) d-f + 



J J J 9{-i, (p)5{s + 2-f'et) sin 9 dO dcf) d-f 
-00 00 y 

= J (/(2|A;|,efe)+/(2|fc|,-e,)) e'^^'^Uk. 
Using 5-function in the integrals of the left side of the equation, we get 



(27r)3 fg{l\s\,^,r]) ^g{l\s\,C,v) 



j (^f{2\k\,ek) + f{2\k\,-ek)) e'^'^'^'^dk. 



Air \ |sP |sP 

Let 7 = -y, be the direction of s- vector, then let us represent the last 
equation in the following way 

{2nfg{i^,^,rj) = Au-" J (/(2|^|, e^) + /(2|^|, -e,)) e'^^'^Uk. 

Multipling this equation by e~"^^ and integrating it with respect to ly, we 
obtain 



00 

\2 



(27r)^ / g{u,tv)e^"'''diy 



00 

J u^e-'"' J e-^'^'^^) (/(2|A;|,efc) + f{2\k\, -e^)) dkdv. 



i?3 
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From the definition of Fourier transformation, we get 



2 ~iur I iu{k,es) 



f{2\klek) + f{2\k\,-ek)]dkdu. 



From the last equation, we obtain the following equation 



Q^2 



ii/r / w{k,es) 



f{2\k\,ek) + f{2\k\,-ek))dkdu. 



i?3 



From the definition of (5-function, we get 

92 



{2nyg{r,^,7]) 



6{{k, e,) - r){f{2z, e^) + f{2z, -ek))dk. 



Using spherical coordinates in the right side of the equation, we get 

CXD TT 2-77 



(27r)2(?(r,e,r7) 



Qj.2 




6{{k,e,)-r){f{2z,ek) + 



000 
.2, 



+f{2z, —ek))z sin9dzd6d(j), 
where z = \k\. 

Taking into consideration ^-function in the right side of the equation, we get 



{27ry g{r,C,v) 



TT 27r 




f 



2r 







+/ 



2r 



-ek 



sin 9 dO 



Now, let us return to the previous symbols 

9ir,^,r]) = rq{r,^,r]). 
This completes the proof Theorem I3.1[ 

Theorem 3.2 Fourier transformation of the function q satisfies the follow- 
ing estimate 



dq„ 



dz^ 



+ 2 



dz'^ 



+ 



(3.11) 
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Proof. Let us use equation fl3.2p 







'5 



where 

/ 2r \ _ ^ / 2r \ ^ / 2r _ 
In this equation, using the following changes of the variables 

obtain 

(27r)2g(r, ^,v) = - j j (i^(2t, efc)t2) sin ^ dO d(P, 



Integrating this equation with respect to r, ^, 77, we get 

00 7r 27r 

(27r)^y y y gr^sln^ (ii] c/r = 
000 

00 TT 27r 7r 27r ^ 

= JJ J J J t-^ {F{2t,ek)t^)sme de dcp dt sin ^ d^ dr]. 
00000 

Denoting the integral in the right side of the equation by /, we get 

00 7r 2lT TV 27V ^ 

I = J j j j j (^t^^ + 4:t^^ + 2tF^ sine dO d(/) dt sin^ d^ dr]. 
00000 
Integrating it with respect to ^, 77, we obtain 

00 TV 2tv 

000 

The following equation folows from the stated above. 

00 TV 2tv 

qr'^ sin ^ d^ dr] dr = 




000 
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CXD TT 27r 



If we substitute the variable z for 2t in the integral by t, since z = 2t, and 
use the following equation qmv{z) = ql^^{—z), we obtain the statement of the 
theorem 

This proves Theorem I3.2[ 
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4 Correlation of Amplitude and Wave Func- 
tions 

We take the relationship for 401 from (11.60 

(f)^(k, x) = 4>_{k, x) - 2m [ S{\k\^ - \X\^)A{k, A)0_(A, x)d\. (4.1) 



i?3 

Let us denote new functions and operators we will use further 

M\^ek,x) = e'(v^'^'='^\ ^o{Vzek,x) = (|)Q{^/zek,x) + (j)Q{-^/zek,x), 
$+(v^efc, x) = 0+(v^efc, x) - e^(v^^'='-) + (P^-^e^, x) - e-*(v^^'='-), (4.2) 
$_(v^efc,x) =0_(v^efc,x)-e^(v^^'='") + 0_(-v^efe,x)-e-*(v^^'='"), (4.3) 

Dif = -2'Ki [ A{k,X)S{z-l)f{\,x)dX, 



fl3 



D2f = -27ii j A{-k,X)6{z-l)f{X,x)dX, 



I>3/ = DJ + D^f, (4.4) 

where z = |A;p, / = |Ap, ifc = i^iefc. Let us introduce the operators T±, 
T for the function / G PV2^(/2) by the formulas 



oo 



T+f = — lim [ ^^^^^ds, Imz > 0, (4.5) 

7n Imz-^O / S — Z 



'CO 

oo 



T_f = — lim [ ^^^^^ds, Imz < 0, (4.6) 



— oo 

r/ = ^(r+ + T_)/. (4.7) 

Use (14.11) and the symbols = j|| to come to Riemann' problem of finding a 
function $+, which is analytic by the variable z in the top half plane, and the 
function , which is analytical on the variable z in the bottom half plane 
by the specified jump of discontinuity / onto the positive semi axis. 

For the jump the discontinuity of an analytical function, we have the 
following equations 

/ = $+-$_, (4.8) 
/ = D3[<I>_]-D3[0_], (4.9) 

where 0_ = (j)_{—X,x). 
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Theorem 4.1 Suppose that G R, 0_|_|a.=o,z=o = 0; then the functions = 
^±{V^Gk-, x)\x=Q - <^Q{y/zek., x)\^=Q, \l/2 = T±/|^=o are coincided according to 
the class of analytical functions, coincide with bounded derivatives all over 
the complex plane with a slit along the positive semi axis. 

Proof. Using the condition of unitarity of the S-operator and the condi- 
tion of the theorem, we obtain ||^|a;=o,2=o| < cxd, where function f is obtained 
by the formula fl4.8p . Now, we can consider Riemann's problem of a smooth 
function f along the whole line taking into account that function is equal to 
zero. The statement above, according to [16], p. 45, allows to define the solu- 
tion of Riemann's problem with the bounded derivative up to the boundary. 
Whence we obtain that the function is equal to the function ^2 in the 
class of analytical functions with bounded derivatives all over the complex 
plane and with a slit along the positive semi axis. 
This proves Theorem 14. 1[ 

Lemma 4.1 There exists < |e| < 00 such that it satisfies the following 
condition 0_^|^=o,z=o = holds for the potential of the form v = eq, where 
qeR. 

Proof. Let us consider the equation 0^|^=o,z=o = 0. Let us use the 
integral representation for the wave function (p_^_{y/zek, x) with the potential 
V = eq from the theorem of Lippman - Schwinger: 

<f>4k,x) = e<'^^^ + — / -q{y)<P4k,y)dy. 

An J \x — y\ 

Using this representation, we obtain for (f)j^{y/zek, x) 

Mk,x) = e'^'^^^ + —j -^-—^q(y)e^i>^'y)dy+ 

R3 

+ 77^ / / 1 r^(^^)l -q{t)e^^^^'^dtdy+ 

[Any J J \x-y\ \y-t\ 
g3 r f f (^^\'^~y\ g«v^lj/~*l giv^|t-«i 



q{y^-. r^('^)~i rQi^)4'+{k, s)dsdtdy. 



(47r)^ J J J \x — y\ \y — t\ \t — s 

R3 i?3 i?3 

Suppose that g G R; then we get the last equation in the following form 
l + e*/?-fe^* g{e) = , where g{e) is an equibounded function. Solving 
the last equation with respect to e, we obtain the bounded solution of this 
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equation. 

The solvability follows from the fact that a discriminant of a quadric equation 
is real and it allows to build a bounded sequence. From this sequence with 
regards to the lemma of compactness, it is possible to define a converging 
sequence. The discriminant is positive of the sum q + w, where w is a selected 
bounded smooth function. Further, for our convenience, q stands for q + w. 
It is necessary to note here that for small q we can take e which is small 
enough. The last statement follows from the smallness of q and the selection 
of w. Here w is selected for the whole class of function q. 
This completes the proof of Lemma [4.1[ 

Now, we can formulate Riemann's problem. Find the analytic function 
$± that satisfies (|4.8p . (14.91) and its solution is set by the following theorem. 

Theorem 4.2 Assume that Q G R, (j)^\x=o^z=o = 0, then 

^± = T±f + %, (4.10) 

/ = D3[/[r_/ + $o]]-/^30-, (4.11) 

where (f)__ = 0_(— A,x). 

The Proof follows from the classical results of the theory of Riemann's 
boundary problems and the condition /(/c,0)|^=o = following from the 
statement of Lemma UTI 

Lemma 4.2 Suppose that ? G R, 0_|_|a.=o,2=o = 0; then 

The Proof follows from the definitions (14.51) . (14.61) of the operators T±. 

Theorem 4.3 Suppose that q eH, (j)±\x=o,z=o = 401 g(0) 7^ 0, then 

00 

g(0)/U=o = DsT_[qf\,=o - D3[g0_]U.=o + D3 J fds\x=o. (4.12) 



The Proof follows from the statements of Theorem 14.21 and Lemma [42l 
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5 Auxiliary Propositions 

For wave functions let us use integral representations following from 
Lippman-Schwinger's theorem 

= e<'^^^ + — / ^qm^{k,y)dy, (5.1) 

47r J \x — y\ 

M-k,x) = e-<'^^^ + — j |^_^| q{y)M-k,y)dy. (5.2) 

Lemma 5.1 Suppose that ? G R, 0_|_|a;=o,z=o = 0; then 

A{k,k') =coq{k-k') + 

+ T^/ / e-*(^''")g(a;)^ -qiy^e'^^'^y^dydx + A^ik.k'), (5.3) 

4:71 J J \x-y\ 



R3 i?3 



A(-A;,A;') = co^(-A; - A;') + 



+ /" / e~^(^''"^g(x) ''/'^'" ,''' g(y)e-^^''^^dj/t/x + A3(-fc,fcO, (5.4) 
4n J J \x-y\ 

where cq = (2^; '^^c? ^3(^5 fc'), A3(— fc, fc') are terms of order higher than 2 
with regards to q. 

Proof. Into representation (1.5) for the amplitude A{k, k')we insert rep- 
resentation (5.1) for (j)_^_{k,x) isolating terms of order 1 and order 2 with 
regards to q. Then we get (5.3). 

Into formula (1.5) for the amplitude A{—k,k') we insert representation 
(5.2) for (f)_^{—k,x), isolating terms of order 1 and order 2 with regards to q, 
and get (5.4). 
This proves Lemma [5.11 

Theorem 5.1 (Parseval). The functions f,g& L2{R^) satisfy the equa- 
tion ^ 

{f,9) = co{f,r), 

where (■, ■) is a scalar product and Cq = ■^2~j3- 
The Proof is in work [12]. 
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Lemma 5.2 Suppose that g G R, (f)^\x=Q^z=f) = 0, then 

A{k,k')=Coq{k-k')-cl [ ^-^^^^^^^^^^dp + As{k,k'), (5.5) 

fc') = Cog(-fc - fc') - / ^^~^|^^y_^~^^^ c/p + A3(-fc,fcO- (5.6) 

Proof. Let us consider the integral in representation ()5.3I) 

J=±l / / e-'('=''")g(x)n -q(y)e'^'''y^dydx. 

4:71 J J \x -y\ 

Let us use the following denotation 

1 /• pi^/z\x-y\ r , , , 

J' = — n rfliyy^^'^'^dy, J = Cq e'^^^ '''\(x)J'dx. 

AnJ \x-y\ J 

f = e^(>^'yk{y), 9 = -r-^ r,J' = if,9)- 

47r \x — y\ 

Taking into consideration the statement of theorem l5. II to J', we obtain 

J' = co{l9), f = I e'^''y\{y)e'^^'yUy, 9 = j;^ J ^^^^'^"''^dy. 

R3 R3 

By the definition of Fourier transformation (1.7), we have / = q{k + p).For 
g, we have the following equations holds 

1 r piV^\^-y\ If J-^\^-y\ ., . ., , 



9=— -. ^e^(P'2^)e±^(f'^) = — / -e'^P'y-'''>d{y 



Att J \x — y\ 4:71 J \x — y\ 



Using the definition of Fourier transformation for Green's function of Schrodinger's 
operator ([13]), we get 

^ \p\^ — z — iO 

We insert /, g in J': 

g(A; + p)e^(P'^) 



R3 
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|pp — z — io 



dp. 



Insert J' into J: 



J =-4 I le-'i^-'k{^) f+'f^'''''' dpd.. 

' ' \p\^ — Z — 10 




R3 



Using Fubini theorem of integrals' transposition and the definition of Fourier 
transformation in J (1.7), we get 



J = cll ^^^^^P^^^P-^'^ p 
\p\^ — Z — 10 



J2 

ii3 



Inserting J into representation (15.31) . we get (15.51) 
Formula (15. 6p is proved in a similar way. 
This completes the proof of Lemma [5. 2[ 

Corollary 5.1 Suppose that g G R, 0_|_|a.=o,z=o = 0, then 

TV 2*7r 

2^ [ f f q{k + p)q{p - k') 



Amv{k) = CoqmAk)-CQ— J J J — |p|2 - z - iO — '^P^^k' + Asmvik), (5.7) 



R3 



where 



And 



AsUk) = J A,ik,k')5iz-\kf)dk'. 



K3 



•2 



Amv(y~k) — Co<?mv(^^)~ 

7r 2*77 

dpdey + A^^^{-k), (5. 




ij3 



where 



\p\'^ — z — 

A^mA-k) = [ A,{-k,k')d{z~\k'\^)dk'. 



K3 

Proof. Averaging representations (15.51) . (15. 6p . with regards to formulas 
(1.7) we obtain the statement of the corollary. 
This proves Corollary 15.1 [ 

Lemma 5.3 Suppose that q & R and x = 0, then 

0±(A;, 0) = 1 + - / ^^q(y)e<'''y)dy+ 
4vr J \y\ 
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1 r r p±«v^|y| p±«v^ls/-t| 
+ J^2j J -^q{y)^^q{t)e^'''^dtdy + <P^i\k,0), (5.9) 



i?3 ij3 



where (A;,0) are terms of order higher than 2 with regards to q., i.e., 



(3) , Iff f e^'^\^-y\ 



ij3 R3 R3 



^ \y-t\ ^'■^^ s)dsdtdy. 



And 



^^{-k, 0) = 1 + - y -^q(y)e-<'^'y)dy+ 




R3 

Qiy)-, ^qit)e~'^''^'^dtdy + <p^l\-k, 0), (5.10) 



(47r)2 7 7 |y| ^^^^ 
where (p^ {—k,0) are terms of order higher than 2 with regards to q., i.e., 
4>f{-Kx) = -^^ I I I -q{y)x 



pTiV^l'-e-yl 

{An)'^ J J J \x — y\ 

R3 R3 



pTiVz\y-t\ g=Fiv^|t-s| 



^ \y-t\ ^^^^ \t-s\ i(^)^±(~^''^)'^^^^^y- 



Proof. Let us consider integral representations (15. ip 

Att J \x-y\ 



Mk,x) = e'^'^^^ + — / -qiy)Mk,y)dy. 



R3 



Using them we obtain 



1 r „±iy/z\x-y\ 

(j)±{k,x) = e*(^'") + — / -q{y)e'^^^y^dy+ 




Att J \x — y\ 

p±i^\x-y\ ±i^\y-t\ 

Qiv)-, -q{t)e''-''''Utdy + (f)'i\k,x). 



(47r)2 J J \x-y\ ^ ' \y-t\ 

R3 R3 

As a; = 0, we get (l5^ . 

Representation (15.101) is proved similarly. 

This proves Lemma 15731 
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Lemma 5.4 Suppose that g G R, (f)^\x=Q^z=o = 0, then 



-4 I I (|^,j^g^^!-i,,o) .^.^+43)(M), (5.11) 




+ / / F^^^4wn^^*-* + 0). (6.12) 

J J (br - 2: =F «0)(|pi|^ - z =F zO) 

Proof. In representation (|5.9p we introduce the following denotation 

1 r e^^l^l 



1 r p±Vz\y\ ^ ^ 

47ri \y\ 



(4^)^ y y \y\ \y - 1\ 

Therefore this representation takes the following form 

0±(A;,O) = 1 + Ji + J2 + #(A;,0). 

In Ji, J2 let us use the method we used in a lemma 15^21 

Consider Ji separately and introduce the following denotation 

1 p±i^\y\ 

f = -, r^, 9 = q{y)e'^'''\ 

An \y\ 

Then Ji = {f,g). From the statement of theorem 15.11 it follows that 

Ji = Co j f{p)g{p)dp, 

m = ^ y -^e'^^^y^dy, gip) = j q{y)e'^'^'^^y^dy = q{k + p). 

R3 R3 
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Using the definition of Fourier transformation for Green's function of Schrodinger's 
operator, we get 

lip) = -rT2 

Insert f{p), gip) into Ji, we get 



f g{k + p) 



Let us consider J2. The integral w.r.t. the variable t we denote by J2. 
I 1 /■ e^*"^l^~*l 



i?3 

then 



47r J |y - t| 



1 /" e ^^^1^1 



1 /" e^^^l^l 
Applying the same method in J2, we get 



ei(p,y)q(^k + p) 

i?3 



Let us insert J, into J2 



R^ 

Applying the Fubini theorem of integrals' transposition, we get 

An J J \y\ \p\^ - z^iQ 

In J2 the integral w.r.t. the variable y we denote by J: 

1 f e='=*'^l^l 



R^ 

Then 



J=-j -^<i{y)e<^-^dy. 



f J q{k + p) 



R3 



\p\'^ — z^iO 
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Let us note that J is transformed in the same way as Ji. That is, 

f q{p + pi) 
J \pi\^-zTiO 




Let us insert J in J2, then we get 

q{k + p)q{p + pi 
- z =F «0)(|pi|2 - 2; ip zO) 

Insert Ji and J2 into representation flS.Op . 
Formula (|5.11l) is proved. 

To conclude the proof it remains to note that using similar methods in 
(iBTnll . we get the formula (l5T2l ) 
This proves Lemma [5.41 

Lemma 5.5 Suppose that q E R 4-01 x = 0; then 

TT 27r 

F{k,0) = — vricoV^ J j q{k — ^/zep)dep+ 


+.rcl^z I Jv.p. I - "^''^Ifzf'^ - P'^ dp,dep+ 

00 R3 

ij3 



And 



+ (i)X\k,Q)-(P'l\k,Q). (5.13) 

7r 27r 

F(— A;, 0) = — Tricov^ y j q{—k — \fzep)dep+ 





00 ij3 

TT 27r 



i?3 

+ 0f (-A:,0) -0L'^(-A:,O). (5.14) 
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Proof. Let us introduce a denotation 

F{k,0) = (P4k,0)-ct>_{k,0). 
Insert representation ( IS.lip into F 

T?(i n\ f f Qi^ + P) q{k + p) \ 

, 2 f f f q{k + p)q{p + pi) q{k + p)q{p + pi) , 

"7 7 V(bP-^-^0)(bi|2-^-zO) {\p\^-z + tO){\pi\^-z + tO)' ^ 

(A;,0) -0L'^(A;,O). 
Let us introduce folowing denotation 

J _ _ f f q{k + p) q{k + p) \ 

'~ ' ^ \p\^-z-iO \p\^-z + iOj 



J2 = Co 




q{k + p)q{p + pi] 



- 2-20)(|pi|2 - Z-ZO) 

q{k + p)q{p + pi) 



I dpidp. 



Then 



F{k, 0) = Ji + J2 + 0f {k, 0) - (fc, 0) . 

Let us consider Ji. According to Sokhotsky' formulas ([13]) and the 
definition of (5-function, we have the following chain of equations 



n 2tt 



Ji = -Co J S^pI"^ - z)q{k + p)dp = -Tcico^/z J J q{k + ^/zep)dep. 
R3 00 

Let us consider the difference under the integral J2 

1 1 



2 {\p\^ - z - iO){\pi\^ - z - iO) {\p\^ - z + iO){\pi\^ - z + iO)' 

Then 



R3 
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In J2 we use Sokhotsky's formulas 

J'2 = I ^iH\p\^ + V-P-T^ ) ( 7r^5(|pl|2 -z) + V.p. ^ 



— z I \ — z 



TTiSilpl"^ - z)+ V.p.--:!^ I f - Tri5{\pi\'^ - + V.p.- ^ 



- z J y ' 'IpiP - Z 

Opening the brackets and reducing similar terms, we get: 



\Pi\ ~ ^ 



S{\Pi 


\^-z) 




\p\' 


^-z 



Let us insert J, in J2 



q{k + p)q{p + Pi)5{\pY - z) 



J2 = 2mcQ / V.p. / ■. — tt; dpidp+ 

J J \pir-z 

+2mclV.p.J I ^^^±^l^?^t^^^ 
Let us take into consideration the definition of 5-function in J2 

J2 = mcQ^/z J J V.p. J 1^ |2 _ ^ dpidep+ 

00 R3 

TT 27r 

R3 

Let us insert Ji, J2 in F{k,0), then obtain 

TT 27V 

F{k, 0) = — TricoV^ J J q{k + \/zep)dep-]- 


TT 27r 



TT 27r 



R3 



30 



In the integrals in the right side of this equation we substitute the variables 
—Bp and — for the variables and e^^ correspondingly since = — e^, 
Gpi = —Gpi, then we get the formula ( 15.13^ . 

Let us consider (I5.13p as A; = —k, then we obtain the formula (15.141 ) 
This completes the proof of Lemma 15751 
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6 Two Representations of Scattering Amplitude 

Lemma 6.1 Suppose that f G W2{R), then 

T±f = Tf + Tf. (6.1) 

Proof. The proof follows from definitions (14.51) . (14. 6p . ( 14. 7p of the oper- 
ators T± and T. 
This proves Lemma TG. 11 

Lemma 6.2 Suppose that g G R, (f)^\x=o,z=o = , then 

f{k,0) = F{k,0) + F{-k,0). (6.2) 
Proof. By definition ( 14. 8p , it follows that 

/(A:,0) = $+(A;,0)-$_(A:,0). 
Whence we obtain the following equation 

f{k, 0) = <I>+(A;, 0) - $_ {k, 0) = 0+(A;, 0) + 0_ (-A:, 0) - 0_ (A;, 0) - 0_ (-A;, 0). 
In the proof of Lemma EE we introduced the following denotation 

F(A;,O) = 0+(A:,O)-0_(A;,O). 
Let use this denotation in this equation 

f{k,0) = F{k,0) + F{-k,0). 
This completes the proof of Lemma F6.2[ 
Lemma 6.3 Suppose that q eH, (p±\x=o,z=o = 0, then 

Am^,{k) + A^^{-k) = Co(gmv(A:) + qnw{-k)) + 

TT 27r 

+mcly/z j j {q{k - ^/zcx) + g(-A; - ^/zex))qmv{\^ex)dex+ 



TT 2lT 



+7vicl^ / / {q{k - a/^Ca) + q{-k - y/zex))qmv{-\^ex)dex- 
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TT 27r 



mcl^/z / / {q{k - y/zex) + q{-k - y/zex)): 







X 



{T[q^^]{^/zex) + r[gmv](-v^eA))(i 



:eA- 



TT 27V 

R3 




^ dCpdX— 



i?3 



- 27r^(F(3)(fc, 0) + F(3)(-A;, 0) + Qgl^:, 0) + Q^^^^^, 0)), (6.3) 

where Qs{k,0), Q^^\k,0) are defined by formulas ^6. 71) . ^6. correspond- 
ingly, 

F(=')(fc,0) = 0f (A:,0)-</.L'^(A:,0), F^''\-k,Q) = <pf {-k,Q) - (iP\-k,Q), 
and 0^^^(±A;,O) are terms of order 3 and higher w.r.t. q in the representations 

Proof. Let us consider the representation (j4.11l) as x = 



f{k,0) = D,[T^f + %] 



D 



x=0 



x=0 



From this equation we obtain 1^3 [$o] 



x=0 



D3[$c 



f{k,0)-Ds[T_f] 



x=0 



x=0 



x=Q 



Consider the left side of the last equation 



(6.4) 



x=0 



By the definition of the function $o given in section 4, we have 

^o = Uk,0) + U-k,0) = 2. 
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By the definition of the operator D^, it follows that 



= -47rz J S{z-l)A{k,X)dX-4:7ri J 6{z - l)A{-k, X)dX. 

X=0 ^3 ^3 



By the definition of amplitude average (1.7) it follows that 

Consider the first term in the right side of equation (I6.4p 

J, = f{k,0). 

According to formula (16.2p 

J2 = F{k,0) + F{-k,0), 
from dSHD, dSHD, it follows that 



(6.5) 



TV 27r 



J2 = -2mco{qrnv{k) + qnlv{-k)) + 7Ticl^/z / / {q{k - y/zcp) +q{-k - ^/zep))x 








R3 



TT 27r 



+T[icly/zV.p. 




{q{k -p)+ q{-k - p))q{-p - ^/ze^^] 
— z 



dep^dp+ 



i?3 

+ F(=')(A;,0) + F(3)(-A;,0). 
Consider the second term in the right side of equation (16. 4p 



(6.6) 



J3 = -D^[T^f] 



x=Q 



By formula Em we have 



^3 = D^[f] 



DslTf] 



x=0 



x=0 
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Consider the formula (16 .SI) , taking into account only terms of the first order 
w.r.t. q, and denote rest of them by /2, 

/(A, 0) = -27rzcofc(A) + gmv(-A)) + ^(A, 0). 

Let us insert this representation into J3 and the definition of the operator 

J3 = -471% J {A{k, A) + A{-k, X))6{z - /)fc(A) + ^„,v(-A))dA+ 

+2711 j {A{k, A) + A{-k, \))5{z - /)/2(A, 0)(iA+ 
+47r% /" (^(A;,A) + A(-A;,A))(5(^-/)(T[g^.](A) + r[g^v](-A))dA- 



-27rz y (yl(A;,A) + A(-/t,A))(5(z-/)T[/2](A,0)(iA. 

Let us insert representation (15.51 ) into J3 and ( 15.61) . taking into consideration 
only terms the first of order w.r.t. q 

A{k, A) = co(g(A; - A) + A^i^k, A)), A{-k, A) = co(g(-fc - A) + A2(-A;, A)), 
We obtain 



J3 = -47r'c^ j {q{k - A) + - A) + A2{k., A) + A2(-A;, A)) x 



X(5(2; - 0(gmv(A) + gmv(-A))(iA+ 
+27rzco y - A) + q{-k - A) + A2(A:, A) + ^(-A;, A))(5(2 - A)/2(A, 0)rfA+ 

+Ati\1 j {q{k - A) + qi-k - A) + ^2(A:, A) + A2(-A:, A))x 

x5(;2 - 0(T[g^.](A) + r[g^v](-A))dA- 
-27rzco y (qik - A) + g(-A; - A) + yl2(A;, A) + A^i-k, X))6iz - X)T[f2] (A, 0)d\. 

R3 
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Single out terms of the second order w.r.t q in J3 and denote the rest of terms 
by Qz{k,Q)] then we obtain 



J3 = -Ati^cI / {q{k - A) + q{-k - \))5{z - l){q^,{\) + q^,{~\))d\+ 



.2„2 
) 

+47r2c^ y (g(A;-A)+g(-A;-A))5(z-0(T[g^.](A)+r[g^v](-A))rfA + Q3(A:,0), 
where 

g3(A;, 0) = -A-K^l J {A2{k, A) + A2{-k, X))6{z - /)fc(A) + q^,{-X))dX+ 

+2^2Co y (y42(A:, A) + ^(-fc, A))(5(^ - 0/2(A, 0)dA+ 

+47r2c2 y (A2ik,X)+A2{-k,Xmz-l)iT[q^,]iX)+T[q^,]i-X))dX- 

- 27rzco y iA2{k, A) + ^(-fc, A))5(z - /)r[/2](A, 0)dX. (6.7) 
Let apply 5-function to the integrals of J3 

p 2*pi 

J3 = -27^^cl^/^ / 2 / {q{k - v^Ca) + q{-k - v^eA))x 







x(gmv(v^eA) + qnw{-\/zex))dex+ 

p 2*pi 

+27v^clyG j i j {q{k - ^/zex) +q{~k - ^/zex))^ 


X {T[q^M^zex) + T[q^^{-^zex))dex + Qz{k, 0). (6.8) 
Consider the third term in the right side of equation (16.40 



Ja = D 



4 — -t^3[V^-J 



x=0 



where 0_ = (j)_{—X,x). 
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Let us take into consideration definition (j4.4p of the operator D3 
J4 = -2m [ {A{k, A) + A{-k, X))S{z - /)0_(-A, 0)dX. 



R3 

Let us insert representation (15.121) into J4 considering only the term s of the 
first rder w.r.t. q, and denote rest of them by 0_(2)(— A,0) 

J4 = -27n J {A{k, A) + A{-k, X))S{z -l)x 

By the definition of ampUtude average (1.7), it follows that 

J4 = -27ri(Amv(A;) + Amv(-A:)) + 

+2mco j {A{k,\) + A{-k,\))5{z-l) ( j ^^^A_dp + cP^^\-X,0) | dX. 

Let us insert the following representations into the second term of J4 
A{k, A) = co{q{k - A) + A2{k, A)), A(-fc, A) = co(g(-A; - A) + A2(-A;, A)). 
We obtain 

J4 = -27n{A^^{k) + Amv(-A:)) + 27rzc^ / {q{k - A) + g(-A; - X))d{x -l)x 



+27rzc2 j {A2{k,X)+A2{-k,X))6{z-l) ij 
m \r? 



q{~X~p) , ,(2) 



|j9|2-/ + i0 



rfp + 0LH-A,O) (iA. 



Let us single out terms terms of second order w.r.t. q and denote rest of 
them by Q^^\k,Q) 

J4 = -2Tii{A^^{k) + A^^{-k)) + 2nicl j {q{k - A) + q{~k - X))5{z - l)x 
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X 



where 



Q^^\k,0) = 2mcl J {q{k - X)+q{-k - X))6{z - l)(f>^^\-X,0)dX+ 
+2mcl J {A2{k, X) + A2{-k, X))d{z-l)x 

x(/f^*-^?'(-A.O))<*A. (0.0) 

Further, let us apply (5-function to the integral over A of J4 

7r 2tt 



J4 = -27ri{A^y{k) + A^y{-k)) + 'Kicly/z / / {q{k-y/zex) + q{-k-y/zex))x 








X 

R^ 



By Sokhotsky' formula it follows that 



[El 
J \p 

i?3 



q{-^/zex-p) 



2 - z + zO 



: — dp 



^ -iri J q{-^/zex-p)S{\p\'^ - z)dp + V.p. J 



\p\ ~ ^ 



R3 R3 

Let us insert the last formula into the integral of J4 

Ji^ -27ri{A^y{k) + A^y{-k))+7i^clyG J J {q{k-yGex)+q{-k-y/zex))x 



X J q{-Vzex-p)S{\pf-z)dpdex+7Ticly/z J J {q{k-y/zex)+q{-k-y/zex))x 

R3 

xV.p. n^~/l^'~^h pdex + Q^'\KQ). 

RS 
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The application of (5-function in the corresponding integral of J4 yields 

J4 = -27ri{A,nAk) + A^^{-k)) + 

TV 27V TT 27r 

+7r^Co| j j {q{k - ^fzex) + q{-k - ^/zex)) j j q{-^fzex - ^/zep)depdex+ 
00 00 

7r 27r 

+7ricov^ j j {q{k - \fzex) + q{-k - ^fzex))^ 


xF.p. I ^^~^'_^;^^ cipde, + 0). 
m 

Let us use the definition of average potential (1.7) for the second term of J4, 
then we get 

J4 = -2Txi{A^^{k) + A^^{-k))^ 

TT 27r 

+7r^Cov/^ y y (g(A; - v^eA) + - v^eA))gmv(-v^eA)rfeA+ 


TT 27r 

+7ricov^ y y (g(A; - a/^ca) + g(-A: - ^fzex))^ 


^ ^-^^-Z ^^~|^!_'~^^ ^P^eA + Q^^nfe,o)- (6.10) 

Let us insert Ji, J2, J3, J4 defined by formulas (16.51) . (16. 6p . (16. Sp . (I6.10p into 
representation (16. 4p . Then, picking similar terms, we obtain 

-27ri(Amv(A:) + Amv(-A;)) = -27rico(gmv(A:) + ^mv(-/i;))- 

TT 27r 

-27r^CoA/i / / - \fzex) + - v^eA))gmv(v^eA)(ieA- 





7r 27r 

-7r^Co\/i y y - v^ca) + q^-k - y/zex))qm^{-y/zex)dex+ 


IT 2tt 

y y (g(A; - v^ca) + q{-k - v^Ba)) : 
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X 



x{T[q^^]{^/zex) + T[q^^]{~^/zex))dex+ 

TT 27V 

+2mclV^ j j {q{k - ^zex) + q{-k - V^ex))V.p. j '^t^^^dpdex+ 

ij3 

• 2 ^T. f }1 i^ik - A) + q{-k - A))g(-A - ^e„) ^ 
+mcl^/^V.p. / / / ^^^^ — ^_ — ^depd\+ 

R3 

+F^^\k, 0) + F(3)(-A:, 0) + Qsik, 0) + Q^^\k, 0). 

Let us divide the left and the right sides of the last equation by — 27rz; then 
we obtain the statement of the lemma. 
This proves Lemma 16731 

Lemma 6.4 Suppose that q eH, (p^\x=o,z=o = 0, then 



n 2n 

Ix/Z 



47rg(0) 








oo 

(A(A:, v^ca) + A(-A;, v^ca)) ^ /(sca, 0)rfsc/eA. (6.11) 



Proof. Follows from representations f l4.12p .( l4?Tll . 
This proves Lemma [6.41 
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7 Nonlinear Representation of Potential 

Let us proceed to the construction of potential nonlinear representation . 
Lemma 7.1 Assume that g G R, 0_|_|x=o,z=o = 0; then 



7r 2tt 




-wicQy/z / / {q{k - v^Ca) + q{-k - \^ex))qmv{Vzex)dex- 




7r 27r 



2 




-TTico-^ / / - v^ca) + g(-A: - \^ex))qmvi-\^ex)dex+ 








+TTicoy/z j {q{k - ^/zex) + q{-k - ^/zex))y~ 







X 



{TlqraAiy/zex) + T[gmv](-v^eA))rfeA- 



TT 27r 

coVi y y (g(A; - ^/zex) + - ^/zex))V.p. j ^^-^^^^^^^dpdex- 



i?3 

i?3 



47rcog(0) 




{A{k, v^ca) + A{-k, v^ca)) y" /(sca, 0)(isc/eA+ 







+ _(F(3)(A:, 0) + F(3)(-A;, 0) + Q^(k, 0) + Q(3)(^^ q)), (7.1) 
Co 

where (53(A;,0), 0) are defined by formulas ^6. 116. S^) accordingly, 

F(3)(A;,0) = 0f (A;,0) - 0L'^(A:,O), F(3)(-A;,0) = 0^ (-A:,0) - 0L'V^,O), 
and 0^^^(±A;,O) are ierm o/ order 3 and higher w.r.t. q in representations 

Proof. Equating the right sides of equations (I6.3p . (IG.lip we obtain the 
result equation to express qmv{k) + qmv{—k). 
This proves Lemma ITm 
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Lemma 7.2 suppose that g G R, ^_|_|a.=o,z=o = 0, then 



= TTZ y" y" (^(^ - ^/zex) + q{-k - \^ex))qmv{-\^ex)dex. (7.2) 



Proof. Consider the following integral 

TV 27V 

l=y-pJII (?(»^-A)+?(-^-A))?(-A-V;e,)^^^^^_ p 3^ 

R3 

where / = |Ap, 2 = |A';p. 

By Fubini's theorem it follows that 

J I z 

i?3 

Represent / in the form of the sum of two integrals 

TV 2tv 

V.p. I - A)9(-A - Vie,) 
J I- z 

00 




— z 

i?3 

In the second integral substitute the variables —A and — for the variables 
A and since A — A and = ^e,, then get 

00 i?3 

i?3 
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Using the formulas of Fourier transformation, we represent / in the following 
form 

V.p. Ill ; dxdyaXdep+ 




l-z 



B? R3 R3 

TT 2tT 



R-i ij3 

Let us introduce the following denotation 

Q{x,y) ^ q{x)q{y), 
G{x, y, k, ep) = e^(M)e-i(V5e^,j/)^ e^) ^ ^-i{k,x)^i{V^e„y) _ 

Then 

R3 R3 R3 

TT 27r 

R3 R3 R3 

Represent / in the following form 

j j Q{x,y)G{x,y,k,ep)Iidxdydep+ 

R3 i?3 
IT 2tt 

+ 



1 1 1 1 ^'^^'^)^**^^'^'^'^p)^2C?^(il/fiep, (7.4) 

R3 R3 

/„-i{X,x+y) r J.{\,x+y) 

__,A,/.=v.p.y— ■■ 



z 

In Ji, I2, substituting t for \//, proceed to spherical coordinates, then we 
obtain 

(X) TT 27r 

/• /• r „-it\x+y\ COS0 
/ / —-^—^t'^ sin 9dtded(t), 

000 
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oo 7r 2-7r 

f f f „it|a;+j/| cos (? 

I^^V.p. / — ^—^f sin 9dtd9d(t). 



In /i, /2 add and subtract z under the integral 

oo TT 27r 

f f f p—it\x:+y\ COS 8 

/i = 1/.J9. / / / — - — - — (^2 -z + z) sin Odtdedcf), 





CXD TV 2-7r 



f f f r r r „it\x+y\case 

/ / e'^^'^+y^'""^ sin edtdedcj) + zV.p. / —^—^ sin edtdOdcp. 



„it\x+y\ cos 6 

/2 = l/.p. / / / — ^ — — (^2 - ;2 + ^) sin edtded(p. 



Then 

CXD TT 27r OD IT 2tT 

/r r f I' f p-**N+!/l cos 6> 

/ 6-'^^''+^^''°''^ sin OdtdOdcP + zV.p. / / ^2_^ sin edtd9d(P, 

b b 

oo TT 27r oo IT 27r 

/2 



Taking into account distributions functions, it is easy to show that the first 
addends in /i, I2 are equal to zero, that is, 

00 TT 27r 00 TT 27r 

-it\x+v\ cos(? edtdodip = o,j j j e^*i^+^i sin edtded4> = o, 



therefore 

00 TT 27r 

r r r p—itlx+yicosd 

h^zV.p. / sin edtded(t), 






00 7r 27r 



III g**l^+3/l cosS 

/2 = zV.p. / / / — — sin 9dtd0d(t). 
000 

Furthermore, in /i, /2 substitute for s as s = t^, then 

00 7r 27r 
Z /" /" /■ „-'tv^|a;+j/| cose 

/i = -y.p. / / / _ -— sin edsdOdcf), 

2 J J J [s-z)^ 
000 
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OO 7r 277 

Z r r r Qi^/s\x+y\cose 

I2 = -V.p. / / / —, r — i^suiOdsdOdcj). 

2 J J J [s-z)^ 
000 

Let us isert /i, /2 into /, i.e. in formula (17. 4p 

TT 27r 

/=|y" y y J Q{x,y)G{x,y,k,ep)x 



00 7r 27r 

/" /" /• g-jv^|a;+?/|cos6' 

X V.p. / / / ^ r — ■;=- sin 9dsd9d(j)dxdyder,+ 

J J J {s- z)^/s 



TT 27r 

J Q{x,y)G*{x,y,k,ep)x 

R^i R3 

00 TT 27r 




giy^|x+7/| COS 



xy.p. Ill — ^ ^ sin 9dsd9d(f)dxdydep. 



000 

Note that the second term in / is conjugate to the first, by the fact that the 
potential q is real. 

Let us introduce the designation —iy/s = iy/s_ In the first term of / and in 
the designation iy/s = iy/s,,m the second term of it, then 



n 2n 

Z 




Q{x,y)G{x,y,k,ep)x 



R3 R3 
00 7r 27r 



^i\/s_\x+y\ cos i 



X v.p. / / / —, — sin 9dsd9d(j)dxdydep-\- 

J J J [s- z)y/s_ 



TT 27r 

+ J Q{x,y)G*{x,y,k,ep)x 

R3 R3 
00 7r 27r 








g*v^+k+2/l cose 
S-Z)y/^, 



xV.p. Ill — — sin 9dsd9d(j)dxdydep. 



45 



oo 

In the first member / use the equality — J ds — J ds, then obtain 

oo 



7r 2n 



1 1 1 *5(^'?/)<^(^'?/'^'ep)x 



R3 R3 
TT 27r 



gii/s_ cos 9 

X V.p. Ill —f ^—-j= — sin 9dsd9d(l)dxdydep+ 

[s — Z)\/ s_ 




oo 

TT 27V 

Z 



+ 2j J J J Q(^^y)G*(x,y,k,ep)x 

R3 R3 

oo IT 2lT 

f f f g*v5+ 1^+2/1 COS 

xV.p. / / / ^ — 1= — sin 6dsd6d(j)dxdydep. 

J J J {S-Z)^/S^ 



Now, it is possible to use Jordan's lemma and calculate the integral w.r.t. 
the variable s in /, maintaining the sign of cos^. Then we finally obtain 



TT 27r n 2tt 

y 

I — TTl- 

l 

R3 r3 

TT 2i\ 7r 27r 



^^I 1 1 1 / / sm0d0d(t>dxdydep- 



z 

— 7^^- 
2 




Q{x,y)G*{x,y,k,ep) J J 6'^^''+^^^°'^ sin ed0d(l)dxdydep. 

R3 R3 

Back to the earlier coordinates, taking into consideration notations Q{x,y), 
G{x, y, k, Bp), G*{x, y, k, Cp) and using the formulas of Fourier transformation, 
obtain 

TT 27r TT 27r 



I = iri 



I y J J J qik- ^ey)q{-\fzex - \fzep)dexdep- 





TT 27r TT 27r 



'Z 

-m 
2 





If we substitute —e\ and — for ca and Cp correspondingly as ex — —ex, 
ep — — Cp in the second term intergrals of I, then 

TT 27V TV 27V 

I ^ni^ J J J J q{k- ^ex)q{-^fzex - ^fzep)dexdep- 
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TT 27r 7r 2ti 

Z 



-m- 
2 




q{-k - \fzey)q{-^fze\ - ^fze.^dt\dep. 





Using the formula of potential average (1.7), we get 

7r 2-77 TT 27r 

I = m j j q{k-y/zex)qmvi-Vzex)dex-Tri J j q{-k-^ex)qmv{-\^ex)dex. 



combining both terms of / 

7r 27r 

I = m j j {q{k - v^Ca) + g(-A; - v/^eA))gmv(-v^eA)rfeA. 



To conclude the proof it remains to insert designation fl7.3l) into the left side 
of the last equation , then we get the statement of the lemma. 
This proves lemma [7i2l 





Lemma 7.3 Let q G W2{R) and q & R, then 

TT 2-77 

{q{k - y/zex) + q{-k - \fzex)){T[q^^]{^ex) + T[q^^]{-^ex))dex 

b b 

TT 2lT 

{q{k - ^ex) + q{-k - ^ex)){qrw,{Vzex) + qmA-Vzex))dex, (7.5) 


7r 27r 

{q{k - v^Ca) + q{-k - ^/zex))V.p. j ^2^^ dpdex = 

R3 

TT 2tT 

^^^11 ^^^^ ~ v^^^) + ~ ^/zex))qn,A-Vzex)dex. (7.6) 



Proof. This lemma must be proved in a similar way as Lemma 17. 2[ 
Representation (17. ip and formulas (I7.2p . (17.51) . (17.61) produce the required 
representation for the potential, that is, the following theorem can be con- 
sidered correct. 
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Theorem 7.1 Let q E H, ^.=0,^=0 = 0, then 

n 2n 

= -iricoyG J j {q{k-^/zex) + q{-k-^/zex))q^^{-^/zex)dex + ^{k), (7.7) 


li{k) = — (F(3)(A;, 0) + F^''\-k, 0) + Q^{k, 0) + Q^^\k, 0)) 
Co 

where Cq = Ati. 

Proof. Use in the right side of representation (17. ip formulas (17.21) . (17.51) . 

(17.61) . summing similar members and taking into consideration that by Jor- 

00 

dan' lemma / f{se\,0)ds = 0, we finally get the statement of the theorem. 



Theorem 7.2 Suppose q eH, 0_|_|j.=o,z=o = 0; then 

jj,{k) = j j j j (q{-k - yGex) + qik - y/zex))x 
0000 

X q{\fzex - \/zes)fio{y/zes)dexdes, (7.8) 

where |/io| < C|gmv| 

Proof. In a similar way, as we proved Lemma 17.11 the Lemma 17.21 the 
Lemma [773l and Theorem 12.11 obtain the statement of the theorem. 
This concludes the proof of Theorem 17.21 
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8 The Cauchy Problem for Navier- Stokes' Equa- 
tions 



Let us apply the obtained results to estimate the solutions of Cauchy 
problem for Navier-Stokes' set of equations 

3 

qt- uAq + '^qkq^^ = -Vp + Fo{x,t), divq = 0, (8.1) 
fc=i 

q\t=o = qoix) (8.2) 

in the domain of Qt = -R^ x (0,T). With respect to go, assume 

div qo = 0. (8.3) 

Problem (I8.ip . (18.21) . (18.31) has at least one weak solution (q,p) in the 
so-called Leray-Hopf class, see [4]. 

Let us mention the known statements proved in [13]. 

Theorem 8.1 Suppose that 

qoeW^iR'), feL^iQT); 

then there exists a unique weak solution of problem ( Ig. ^8.2\) . ^8.3\) . in 
Qti, Ti e [0,T], that satisfies 

quQxx, VpGL2(Qt)- 
Note that Ti depends on qo, f. 

Lemma 8.1 If qo G W^{R^), f G L2{Qt), then 



t 

sup ||g|lL(i?3) + / \\qx\\l^(^Ri)dT < ||gollL(ij3) + ||i^ol 

0<t<T J 



L2{Qt) 



Our goal is to prove the global unicity weak solution of (18.11) . (18.21) . (18. 3p 
irrespective of initial velocity and power smallness conditions. 
Therefore let us obtain uniform estimates. 

Statement 8.1 Weak solution of problem ([HI]), ((HJ), (EHl), from Theo- 
rem 18.11 satisfies the following equation 

q{z{ek - ex),t) = qo{z{ek - ex)) + 
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+ e 



-uz^le^-exlit-r) 



{[{q,V)q] + F){z{ek - ex),T)dT, 



(8.4) 



where F = — Vp + Fq. 

Proof. The Proof follows from the definition of Fourier transformation 
and the formulas for linear differential equations. 

Lemma 8.2 The solution of the problem ( fg. jiS.Si) . jiS. 3\) from Theorem 
\8.1\ satisfies the following equation 

, ^ ^ k^kj ^ — . . ^ ^ Aj^ ' ' 



and the following estimates 

3 1 
\\p\\l2(R3) < 3|kx|ll2(J{3)||g|ll2(R3), 



dk 



\F\ 



1 

W\ 



dF 



dk 



+ 3 



dq 



7^ 



d\k\ 



Proof. We btain the equation for p using div and Fourier transformation. 
The estimates follow from the obtained equation. 
This completes the proof of Lemma [8. 2[ 

Lemma 8.3 Weak solution of problem ^8. 1\) . ( fg.^J . (EI3j, from Theorem 
\8.1\ satisfies the following inequalities 



sup 

0<t<T 



sup 

0<t<T 



LR3 



Lr3 



|x| \q{x,t)\ dx + J J \x\ \qx{x,T)\ dxdr 

R3 
t 

i?3 



< const, 



< const, 



or 



sup 

0<t<T 



sup 

o<t<r 



dz 
d'^q 



+ 



J J z'^\qk{k-,T)\^dkdT 



i?3 
t 



j j z^\qkk{k.,T)\^dkdT 



R3 



< const. 



< const. 
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Proof. The Proof follows from Navier-Stokes' equation, the first priori 
estimate formulated in Lemma 18.11 and obtained from Lemma I8.2[ 
This completes the proof of Lemma [831 , 

Lemma 8.4 Weak solution of problem ( fg. jiS.^} . ^8.3\) . from Theorem 
\8.1\ , satisfies the following inequalities 

t 

max|gl < max|go| + - sup \\q\\l^(^R^) + / I |gx| 1^(^3)0?^, 

k k Z o<t<T J 





dq 




max 


dz 


< max 


k 


k 



max 

k 



d'^q 


< max 


dz^ 


k 



dz 



dz"^ 



T 

+ t: sup 

^ o<i<r 



T 

+ 17 sup 



dz 
d'^q 



+ 



j j z^\qk{k,T)\'^dkdT, 



i?3 

t 



dz"^ 



+ 



j j z^\qkk{k,T)\^dkdT. 



iJ3 



Proof. We obtain these estimates using representation (I8.4p . Parseval's 
equality, Cauchy - Bunyakovskiy inequality (18.41) by Lemma [8^31 
This proves Lemma [8^ 

Lemma 8.5 Weak solution of problem 118.^) . 118. 3\) . from Theorem 

\8.1\ satisfies the following inequalities 



|gmv(^,^)| < zMi, 



dqmv{z,t) 


< zM2, 


d^q^^{z,t) 


dz 




dz"^ 



3) 



where Mi, M2, M3 are limited. 

Proof. Let us prove the first estimate. These inequalities 



7r 2ti 



|gmv(2,^)| < 2 




[z{ek — ep).,t)\dep < 27Tzmax \ q\ < zMi, 

k 







where Mi = const. 
follows from definition (2.2) for the average of q and from Lemmas 18.31 EI 

The rest of estimates are proved similarly. 
This proves Lemma 18751 
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Lemma 8.6 Weak solution of problem 118. ( fg.^j . 3\) . from Theorem 
\8.1\ satisfies the following inequalities Ci < const, [i = 0, 2, 4), where 



Co= / \F^\^dT, F, = {q,V)q + F, C2 



t 


dFi 


2 t 


d^Fi 


I 


dr, C4, = J 




dz 




dz^ 













dr. 



The Proof follows from the priori estimate of Lemma 18.11 and the state- 
ment of Lemma I8.3[ 
This completes the proof of lemma [8^ 

Lemma 8.7 Suppose that q E R, max \ q\ < 00, then 

k 

^f^l^dxdy < C{\q\L, + max l^)^. 
\x — k 

Proof. Using Plansherel's theorem, we get the statement of the lemma. 
This proves Lemma [87^ 




Lemma 8.8 . Weak solution of problem 118. ( fg.^j . 118. 3\) . from Theorem 
\8.1\ satisfies the following inequalities 



[z{ek - ex),t)\ < \qo{z{ek - ex))\ + 



1\5 C| 



2v I Z Cfc-CA 



(8.5) 



where 



Co = J \F^\'dT,F^ = {q,V)q + F 


Proof. From [831 we get 

\qiz{ek - ex),t)\ < \qoiz{ek - ex))\ + 
t 



+ 



where 
Using the denotation 





Fi = {q,V)q + F. 



.6) 
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taking into account Holder's inequality in / we obtain 



t 

|2/ 









I/"''"") 







Suppose p = q = 2. Then 



where g satisfies the equality ^ + ^ = 1. 



I<{- 



2z// z|efc-eA| 

Taking into consideration the estimate / in (I8.6p , we obtain the statement of 
the lemma. 

This proves Lemma TS. Si 

Now, we have the uniform estimates of Rolnik norms for the solution of 
problems ( 18.11) . (18. 2p . ( 18. 3p . Our further and basic aim is to get the uni- 
form estimates \qi\Li(R^), a component of velocity components in the Cauchy 
problem for Navier-Stokes' equations. In order to achieve the aim, we use 
Theorem 3.2. it implies to get estimates of spherical average 

Lemma 8.9 Weak solution of problem ( fg. 118. ^8.3\) . from Theorem 
\8.1\ satisfies the following inequalities 



C 



|9mv|Li(i?3) < — \^J^^^ + |gmv|Li(/j3)j + |/i|Li(i?3), (8.7) 

the function \x is defined in lemma 7.10, 

n 27V 1 

a'^^ = j z j j \qQ{,z{ek- ex))\\qrr,^{zex,t)\dexdk,(3^= SttCq^, 

ij3 

and Co, Ci is defined in lemma lKR 

Proof. From formula (j7.7l) . we get the estimate 

2 ^' 

B? b b 



gmv|Li(i?3) < ^ I z I I \q{z{ek- ex),t)\\q,nvizex,t)\dexdk+\iJ,\L,(R3). 
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8.51) in the integral, we obtain 

C 



lQ'mv|Li(fl3) < — 



TT 277 

z j j \%{z{ek - ex)\\qn,^{zex,t)\dexdk+ 
:3 



1 TT 27r 

1\ 2 1 

- c? 



^0 




H3 



qmv{k,t)\- -dk I + |/i|Li(i?3). 



Let us use the notation 



TT 27r 



A, 



(1) 




2 / / |go(2;(efe - eA))||gmv(2;eA,t)|rfeA(ifc, 



ij3 



then 



|?mv|Li(ii3) S Y 

Let us use the notation 



1 TT 27r 

1\ 2 1 



'0 




de 



Qmv 

{k,t)\- -dk \ +\^\l,(r3). 



\ek - ex 



i?3 



7r 2n 




de 



X 



|efc - ca 







and obtain Jq. Since 

\ek-ex\ = {{ek - ex, Ck - ex))^ = (l-cos6')^, 
where 6 is the angle between the unit vectors ek,ex, it follows that 

sin 9 



In = 47r 



, 1 — cos 9) 2 



-d9 = 227r. 



Using Jo in the estimate |<3'mv|Li(R3), we obtain the statement of the lemma. 
This completes the proof of Lemma [Ql 

Theorem 8.2 Weak solution of problem ( fg. 118. ^8.3\) . from Theorem 
\8.1\ satisfies the following inequalities 



Qmv 




Qmv 






Z 




Z 


LimJ 


Z 
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where 



TT 27r 



An 




\qo{z{ek - ex))\ \qra^{zex,t)\dexdk 



R3 

and (3i is defined in lemma lKR 

Proof. Proof follows from ((Hll), (lO) . 

Corollary 8.1 Weak solution of problem 118. 118. 118. 3\} . from Theorem 
\8.1\ satisfies the following inequalities 



< 



where 



K 



C 



An 



K, 



^.9) 



1 

Z/2 



z/2 - A'kCC^ 



Let's consider the influence of the following large scale transformations 
in Navier-Stokes' equation on K 



Statement 8.2 Let 



A 



u^{cCo + r)i 



2 ) 
3 



then < f . 



Proof. By the definitions C and Cq, we have 

1 

K 







A J A^ 
This proves Statement 8.2. 



1 47rCCo 

Z/2 I Z/2 3- 

A2 



< 



Lemma 8.10 Weak solution of problem 118. ( fg.gjj . ( Ig.gjj . from Theorem 
\8.1\ satisfies the following inequalities 



zjck - ex),t) 
dz 



< 



2oiz{ek - ex)) 
dz 



+ 
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+ 4a - 



v) z'^\ek-ex\ \2uJ z\ek - ex 



1 \ ^ c| 



(8.10) 



where 



Co 



dFi 



dz 



dr. 



Proof. The underwritten inequalities follows from representation [8 



z{ek - ex),t) 



dz 



< 



lo{z{ek - ex)) 



dz 



+ 



+2vz\ek - ex\ 



+ 



(t_^)e— N-aI i*-)F,{z{ek-ex)^T)dT 



3P 



+ 



Let us introduce the following denotation 



/i = 2uz\ek - ex\ 



{t - r)e-"" (*-")Fi(2(efc - ex),T)dT 



then 



z{ek - ex),t) 



dz 



Estimate /i by means of 



where m > we obtain 



< 



dz 

qo{z{ek - ex)) 



dz 



+ I1 + I2 



sup \t"^e I < a, 
t 



h < 



Aa 



e-"' |e,-e,| -^F^{z{ek-ex).r)dT 



On applying Holder's inequality, we get 

Aa 



h < 



56 



where p, q satisfy the equahty ^ + ^ = 1. 
For p = g = 2 we have 



/i < 4a - 



VI z^\ek-ex\ 



1 1 
1 \ ^ C,^ 



2u J z\ek-ex\' 



dFi 



dz 



dr. 



Inserting /i, I2 in to 



we obtain the statement of the lemma. 



This completes the proof of Lemma [S.lOi 

Theorem 8.3 Weak solution of problem / fg.g|j . from Theorem 

\8.1\ satisfies the following inequalities 



dz 



Z 



(J / 



dz 



+ 



Li(iJ«), 



dfJL 
dz 



(8.11) 



where 



7T 27r 

Al = j z 






dqoiz{ek - Ca)) 
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y ko(2^(efc - ca))! 

ij3 

1 

u 



\qmv{zex,t)\dexdk, 
qrm,{zex,t) 



dz 

1 

l\2 1 
1/ 



dcxdk, 



and C2 is defined in lemma lKJR C = const. 

Proof. From (17.71) we get the following estimate 

C 



TT 27r 



dz 



< 




\q{z{ek - ex),t)\\ {zex, t)\dexdk+ 



^3 



77 27r 



R3 




dq{z{ek - ex),t) 



dz 



\qm^{zex,t)\dexdk+ 
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dz 



TT 27r 

+ j j j Wiziek-ex),t)\ 

R3 

Let us introduce the following denotation 

Il= ^ 



zex,t) 



dexdk + 



dz 




H3 
7r 2-77 

Z 




q{z{ek - eA),t)||gmv(2:eA,t)|(ieA(iA;, 
dq{z{ek - ex),t) 



dz 



then 





TT 27r 

^3 = y 2^ y y ig(^(efc-eA),t)i 

i?3 

< + J2 + J3) + 



qmv{zex,t)\dexdk, 
lmvizex,t) 



dz 



dz 
dfi 



de\dk, 



dz 



L^{R3) 



Li{R3) 

The estimate of Ii was obtained in theorem l8.1[ , therefore from (18 .Sp . (18.81) . 
it follows that 

Qmv 



h<Ao + /3i 



Inserting inequality (I8.10p into I2, we get 



n 27r 



h< Z 




H3 



?o(2;(efc - ex)) 



dz 
qmv{k,t)\ 



Li{R3) 



\qrw,izex,t)\dexdk+ 



dk+Q-y Cllo j \qUk,t)\dk, 

RS 



Let us take into account the estimate of Jq obtained in lemma ISTTOl 

I0-- 




dex 7 
r = 227r. 



efc - ca 





Inserting this value in /2, we obtain 

7r 27r 

/2 < / 2 




i?3 



'o(2;(efe - Ca)) 



dz 



\q^^{zex,t)\dexdk+ 
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+ 1-1 2-7raCg 



\qmvik,t)\ 



dk+ 



i?3 



+ (^^jSrtCl J \q^,{k,t)\dk. 
Let us introduce the following denotation 

7r 2-77 

%{z{ek - ex)) 




then 



where 



Ai = I z 

ij3 



dz 



\qrav{zex,t)\dexdk, 



P2=[- 2^7TaC,\ P3=[-] SttCI. 



Using inequality (18. 61 1 in /s, we get 
h< j z J j |go(^(efc-eA))| 

/?3 



zex.t) 



dz 



dexdk+[ Cllo 



.{k,t) 



dz 



Similarly as we estimated I2, obtain 



h<A2 + [3, 



dz 



where 



TT 2lT 

i?3 



[zex,t) 



dz 



de\dk. 



Inserting /i, I2, h ^„ 
This completes the proof of Theorem [8l 



dqu 



, we obtain the statement of the theorem. 



Lemma 8.11 Weak solution of problem 118. 118.^) . 118. 3\) . from Theorem 
\8.1\ satisfies the following inequalities 



d'^q{z{ek - ex),t) 
dz'^ 



< 



d'^qo{z{ek - ex)) 
dz"^ 
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+ - 



1 \ 2 8aC| / 1 



2 r;2 

L-4 



where 



uj z^\ek-ex\ z'^\ek-ex\ \2iy J z\ek - ex\ 

sup |t'"e"*| < a, 



(8.12) 



as m > , 



dr. 



Proof. From (18 .41) we have the following inequalities 



d^q{z{ek - ex),t) 



dz"^ 



< 



d'^qo{z{ek - ex)) 



dz'^ 



+ 



+Av'^z^\ek - ex\ 



+Avz\ek - caP 



+ 



BP 



+ . 



Let us introduce the following denotation 



h = 4:u'^z'^\ek - ex\ 



I2 = 4:uz\ek - caP 



(t _ ^)e— ^l'^'=-Ap(*-)^(^(e, - ex),T)dT 



then 



d'^q{z{ek - ex),t) 
dz"^ 



< 



dz"^ 

d'^%{z{ek - ex)) 
dz"^ 



z{ek - ex),T)dT 



+ h + l2 + h- 
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Using the estimate 

as m > 0, we estimate Ji, I2 

t 



sup \ f^e *| < a, 
t 



h < 



h < 



16a 



dz 



Using Holder's inequality 

16a 
h<—r 



ia 



-!^2;2|ej^_e^|2i_r ^^^^ 













dFi 




;/ 


dz 









q \ q 

dr 



where p, q satisfy the equality - + - = 1. 
For p = q = 2 we get 



Ji < 16a 



1 1 



pj z^\ek-ex\ 



h < 8a 



1 1 

2 



v) z'^\ek-ex\ 



Taking into account Holder's inequality for J3, we get 



h < 



1 1 
1 \ ^ CI 



2v ) z\ek-ex 



■, C4 



dz"^ 



dr. 



Inserting /i, I2, I3 in 



we get the statement of the lemma. 



This completes the proof of Lemma [S.lli 

Theorem 8.4 Weak solution of problem 118. 118.^) . 118. 3\) . from Theorem 
\8.1\ satisfies the following estimate 



d^qn 



dz"^ 



< ^ I 2{A, + A2 + A3) +A^ + A, + (2/32 + Paj 



+ 



61 



+ (2/?3 + /?5) \Qmv\L,{R3) + 2(/?i+/?2) 



+2P, 



dz 



+ 



dz 



+ 



(8.13) 



where 



TT 27r 



A. 



A, 




z 


7r 2-7r 

H3 
„2 



?o(2;(efc - ex)) 




dz 

d'^qo{z{ek - ex)) 



dz 



dexdk, 



dz"^ 



\qm^{zex,t)\dexdk, 




A5= z' / \qo{z{ek - ex))\ 



R3 



d'^q^^{zex,t) 



dz"^ 



dexdk. 



V J \v 
and C4 is defined in Lemma Y8.11{ 



87ra 



4 1 



Proof. From (17.71) we have the estimate 

TT 27r 



5 gn 



< ? I 2 / 2 




i?3 



r{zex.,t) 



dz 



dexdk+ 




-2 / z 




R3 

TT 27r 

+ 2 

/?3 

TT 271" 

/?3 
7r 271" 

„2 



2;(efc - ex),t) 



dz 

dq{z{ek - ex),t) 




dz 

d^q{z{ek - ex),t) 



\qrav{zex,t)\dexdk+ 
dq^^{zex,t) 



dz 



dexdk+ 



R3 




dz'^ 



{z{ek - ex),t)\ 



\qnwizex,t)\dexdk+ 



d'^q^^{zex,t) 



dz"^ 



dexdk + 
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+ 



9V 



9 ^ ^ 



Let us use the estimates for Ji, I2 

n 27V 

h = 2 j z j j \q{z{ek-ex),t)\ 

R3 



dz"^ 



r{zex,t) 



dz 



de\dk < 









Z 



TT 2n 



h = 2 z 




dq{z{ek - ex),t) 



dz 

R3 00' 

<2\A2 + P, 



\qnw{zex,t)\dexdk < 



dz 



Let us use inequality (IS.lOp to estimate Is, then we get 

7r 27r 



h = 2 z 




dq{z{ek - ex),t) 



R3 00 

/ TT 2n 

\R3 




dz 



2o{ziek - ex)) 



r{zex,t) 



dz 



dz 



r{zex,t) 



dz 



.{k,t) 



dz 



dk+ ( Cllo I z 



dexdk < 

dexdk+ 
dq^^{k,t) 



dz 



R3 R3 

Inserting the value of the integral Iq, from Lemma 18731 we get 



h<2\ z 




t;3 00 



loiz{ek - ex)) 



dz 



r{zex,t) 



dz 



dexdk- 



+ ( i ] ^ 2^7TaQ 



r{k,t) 



dz 



dk+ 
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+ 



1 

V 

TT 27r 



MCI J z 



dz 




?3 



2Q{z{ek - ex)) 



dk 



r{zex,t) 



+P2 



dz 



dz 



dk + (3n I z 



i?3 



ij3 



dz 

nv{k,t) 



de\dk+ 



dz 



dk 



Let us introduce the following denotation 

7r 27r 



A, 



Z 



R3 




loiz{ek - ex)) 



then 



h<2 



A3 + 132 



\ 



ij3 



dz 



,{k,t) 



,{zex,t) 



dz 



de\dk. 



dz 



dk + (3^ / z 



i?3 



.{k,t) 



dz 



dk . 



Applying inequality (18.121) to estimate /4, we get 



TT 277 




z 

il3 
n 27r 



d'^q{z{ek - ex),t) 



< z 




ij3 



dz"^ 



d'^qo{z{ek - ex)) 



\qmAzex,t)\dexdk < 



dz"^ 



\qmv{zex,t)\dexdk- 



1\ ^ 



+ - 16aC|/o / -\q,^,{k,t)\dk+ 



+ (^^y8aCllo J \qUk,t)\dk+Q-y Cjlo J z\q^,{k,t)\dk. 

i?3 i?3 



Inserting the value of Jq, we obtain 



TT 27r 



h< Z 




i?3 



d'^qo{z{ek - ex)) 



dz"^ 
64 



|gmv(2:eA,t)|(ieAC?fc+ 



1 1 

+ 1 2^7raC|y" \qraAk,t)\dk + 8nCl j z\q^^{k,t)\dk. 

Let us introduce the following denotation 



then 



Ia< z 



n 2n 




R3 



d'^qo{z{ek - ex)) 



dz"^ 



kmv(2;eA, t)\dexdk + (3^ j ^\q^^{k,t)\dk+ 



+p5 j \qmAk,t)\dk + (Sq J z\q^^{k,t)\dk. 

ij3 R3 

Introduce the denotation 

7r 27r 



A4= I z- 

R3 




d^qo{z{ek - ex)) 



dz"^ 



\qnw{zex,t)\dexdk, 



then 



h< Ai + J ^\q„,,{k,t)\dk + j \q^,{k,t)\dk + j z\q^,ik,t)\dk. 

R3 ij3 i?3 



R3 ij3 

Using inequality (18 .61) to estimate , we obtain 

7r 2-77 

h = j z" j j \q{z{ek-ex),t)\ 

R3 

- 1 1 1 

ij3 



d'^q^^{zex,t) 



dz^ 



d'^q„„{zex,t) 



dexdk < 



RS 



dz'^ 
d'^qra^{k,t) 



dexdk+ 



dz"^ 



dk. 
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Inserting the value of the integral /q, we obtain 



TT 27V 




\qo{z{ek - ex))\ 

i?3 

Let us introduce the following denotation 

7r 27r 



de\dk + Pi 



dz"^ 




R3 



then 



^ / / koizick - ex))\ 



d'^qmvizex,t) 



dz'^ 



dexdk, 



h<A5 + Pi 



dz"^ 



we obtain the statement of the 



Inserting Ij, (j = 1, 5) in 
theorem. 

This completes the proof of Theorem 

Lemma 8.12 Weak solution of problem 118. 118. ^8. 3\} . from Theorem 
\8.1\ satisfies the following estimate 



(8.14) 

(8.15) 
(8.16) 



where 



K 



< BoK, 

kmvUi(i?3) < BiK, 

< B2K, 



T) Bq = —Aq + 



iy-2 - 47tCC^ 



Li{R^) 



c .(1) 



c 



Bi = ^Ai;' + |^Ui(R3), B2 = ^4'^ + \zfi\L,iRS), (8.17) 



TT 27r 



A 



(2) 




z^\qo{z{ek - ex))\\qnw{zex,t)\dexdk. 



R3 



Proof. From inequality (18. 5p and estimate (18. 7p . we make the sequence 
of estimates 

C / \ 
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where 



IT 27r 



A 



[n+l) 




2;"+^|go(2;(efc - eA))||gmv(2;eA,t)|(ieArffc, 



ij3 



/3i 



87rC|, 



and n is an exponent of z. From this recurrence formula, as n = 0, n 
we get estimates (I8.7p and (I8.8p accordingly. 



For n = 1 we have 



Considering estimates (18.7p . f l8.8p and the last estimate, we obtain the state- 
ment of the lemma. 
This proves Lemma [8.12[ 



Lemma 8.13 Weak solution of problem 118. 1\} . 118.2) . ^8. 3\) . from Theorem 
\8.1\ satisfies the following estimates 



dz 



< DoK^ + DiK, 



dz 



(8.18) 



(8.19) 



where 



Do = ^ Si + {Pf + pf)Bo) , = ^ (Ao + + A2) + 



C 



dz 



^3 = ^(4^4^4 



, /i(i) , 4(1) 



TT 27r 



A« = / z' 




R3 

TT 27r 



?o(^(efc - ga)) 



dz 



Li(iJ3) 

qmv{zex,t)\dexdk, 



A 



(1) 




|go(^(efc - ca) 



00 



.(^eA,t) 
dz 



de\dk, 
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(0) _ SttCI (0) _ 2 2 7raC| (o) 

HI — 1 1 H2 ~ 1 5 



T ) 

1/2 



Proof. From inequality f lS.lOp and estimate (18.111) . let us make the se- 
quence of estimates 



+ (/9l + /32) 



Qmv 



1-n 



dz 



+ 



^2; 



where 



TT 27r 



A, 



(n) 




z"-\qQ{z{ek - ex))\\qrav{zex,t)\dexdk, 



B? 



TT 2lT 



(n) 






7r 27r 



?o(2;(efe - ex)) 



dz 



A, 



in) 



n+1 




ymv {zex, t)\dexdk, 
§mv(2;eA,t) 



dz 



dexdk, 



\qo{z{ek - ex))\ 

R3 

and n is an exponent of z. From this recurrence formula, we get estimate 
(|8.7I) and (18. 8p for ri = 0, n = 1, accordingly. And 



5^; 



2 V +^1 +^2 + Ps Fymv|i^(/j3) -I- 



+ + P2) \<lmv\L,{R^)+ Pi 



dz 



(9/i 

dz 



Considering estimate fl8.7l) and the last estimate, we obtain the statement of 
the lemma. 

This completes the proof of Lemma 18. 131 

Lemma 8.14 The solution of the problem ( fg. 118. 118. 3\} . from Theorem 
\8.1\ satisfies the following estimate 



dz'^ 



< PoK^ + PiK^ + P2K, 



(8.20) 
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where 



Po = C(4°)D2 + (/3!°)+4°))Do), 



P2 = J (2(Ai + A2 + A3) +A4 + A5) + 



9V 



(0) 



'2''7TaC^ (0) 

1 ' P5 



13 i 

2~7raC| (0) 

1 ' 



1/2 1/2 1/2 

Proof. From (I8.13P , we obtain the following estimate 



< ( J (2(Ai + A2 + As) + + A5+ 



+(2/9f + /34(0)) 



Qn 



+PM\^Qm.\L,iR^) + 2{PM + PM) 



+ i2P,{0) + (3,iO))Wra.\L,iR^) + 



dz 



+ 



Li{R^) 



+2/33(0) 



dz 



Li{R^). 



dz"^ 



Li{R^) 



Using estimates (I8.14p - fl8.19p in the last inequality, we obtain the statement 

of the lemma. 

This proves Lemma TS .Mi 



Theorem 8.5 The solution of the problem 118. 1\} . 118.2) . 118. 3\) . from Theo- 
rem \8.R satisfies the following estimate 

+ (74CI + 75CI + leCl) K' + [irCl + ^,cl + 79) K, 

where 

1 

- AttCCa 



K 



-,Co= \F,\'dT, F, = iq,V)q + F, 
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7i 



dFi 



dz 



dr, C4 



dr. 



(l + 22)5o, 72 



(l + 2^)i?i, 
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^2, 74 = ^ ( (1 + 2i)5o + (1 + 2t)Di ) , 



75 



C23 



TT 



Z/2 



Z/2 

3 



- (1 + 22)51+^3 , 76 



C23 



TT 



1 5 



77 

C 

5o = + 



^(1 + 22)So, 78 = -^B^, 79 = -(Di + P2) 

z/2 Z/2 ^ 



c c 
Bi = 77^0^^ + l/^Ui(i?«), ^2 = + k/^Ui(R3), 



Di = - (Ao + + A2) + 



5/i 



52; 



(1) , /i(i) 



A, 



(1) 



dz 



C 



P2 = - (2(A + + A3) + A4 + ^5) + 



C _ 97r 
' 2" ~ A{2^' 



the function /i is defined in Lemma 7. 9. 

Proof. In section 3 we proved estimate (I3.1ip 



|5lLi(iJ3) < 



+ 2 



dz 



dz'^ 



Using estimates (18. 141) . (IS.lSp . fl8.20p in the right side of this inequality, we 
get 

|g|Li(«3) < BoK + 2(^0^2 + D,K) + \{PoK'' + PiK^ + P2K) < 

< ^PoK^ + (2Do + P,)K' + {Bo + + P2)K, 

where Bi, K are defined in Lemma [8.12l Di is defined in Lemma [8.14l and Pi 
is defined in Lemma [8.15[ Taking into account these notations and calculat- 
ing the coefficients at Co, C2, C4, we obtain the statement of the theorem. 
This proves Theorem I8.5[ 
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Lemma 8.15 The function fi, defined in Lemma 7.10, satisfies the following 
estimates 



|^|Li(i?3) < const, \z^\l^(^r3) < const, 



dz 



< const. 



dz 



< const, 



dz"^ 



< const. 



Li(i?3) 



Proof. We can get the estimate of cubic members w.r.t. q in if we 
resume all the methods for estimating square members w.r.t. q. 
This completes the proof of Lemma F8. 151 

Lemma 8.16 Weak solution of problem 118. 118. ^8. 3\} . from Theorem 
\8.1\ satisfies the following estimates 

A<2Mi j {\%{zek)\)^^dk, 4'^<2Mi j z{\qo{zek)\)^^dk, 



< 2Mi j z'{\qo{zek)\)n,,dk, < 2Afi j 
%{zek) 



AS') < 2Mi j z^ 



2Q{zek) 



dz 



dk. 



dz 



A" < 2M2 j z'{\qoizek)\U.dk, A-, < 2M2 j z 
d%{zek) 



dk, A2<2M2 j z{\qo{zek)\)„,.dk, 

'qoizck 



dz 



dk. 



A4 < 2Mi J z 

i?3 



dz^ 



dk, A^<2Ms j zWqo{zek)\),n,dk. 

R3 



Proof. The proof follows from Lemmas 18.31 18.41 18.51 
This proves Lemma 18. 161 

Theorem 8.6 Suppose that 

qo e W^iR"), Fo e HQt), Fo G Li(Qr), 

dp d^ 7^ 



dz 



dz'^ 
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R3 



|go(^efc)| I dk < const, (j = 1,3), 
dqoizek) 



dz 



dz"^ 



dk < const, {j = 4, 5), 



dk < const. 



Then there exists a unique weak solution of ^8. 1\) . ^8.^) . ( fg.51) . satisfying the 
following inequalities 



max 

t 



< const. 



i=l 



where const depends only on the theorem conditions. 



Proof. It is sufficient to get uniform estimates of the maximum qi to 
prove that the theorem .These obviously follow from the estimate \qi\L-i_{E?)- 
Uniform estimates allow to extend the rules of the local existence and unicity 
local to an interval, where they are correct. To estimate the component of 
velocity, we use statement 8.2 



Using Lemmas 18.61 18.71 for the potential 




dt + A + l 



we have N{qi) < 1, i.e., it is not necessary to take into account normalization 
numbers when proving the theorem. Now the statetement of the theorem 
follows from Theorems 18.51 18.21 Lemmas 18.61 18.151 18.161 and the conditions 
of Theorem 18.61 that give uniform of velocity maxima at a specified interval 
of time. 

This comletes the proof of Theorem 18.61 

Note. In the estimate for q the condition q{0) > 1 is used. This con- 
ditioncan be obviated if we use smooth and bounded function w and make 
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all the estimates ioi qi = q + w such that qi{0) > 1 is satisfied. Using the 
function w, we also choose the constant A concordant with the constant e 
from Lemma F4.2[ 

Theorem 18.61 proves the global solvability and unicity of the Cauchy prob- 
lem for Navier-Stokes' equation. 
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CONCLUSION 

In Introduction we mentioned the authors whose scientific researches we 
consider appropriate to call the prehistory of this work. The list of these 
authors may be considerably extended if we enumerate all the predecessors 
diachronically or by the significance of their contribution into this research. 
Actually we intended to obtain evident results which were directly and indi- 
rectly indicated by these authors in their scientific works. We do not concen- 
trate on the solution to the multi-dimensional problem of quantum scattering 
theory although it follows from some certain statements proved in this work. 
In fact, the problem of overdetermination in the multi-dimensional inverse 
problem of quantum scattering theory is obviated since a potential can be 
defined by amplitude averaging when the amplitude is a function of three 
variables. In the classic case of the multi-dimensional inverse problem of 
quantum scattering theory the potential requires restoring with respect to 
the amplitude that depends on five variables. This obviously leads to the 
problem of overdetermination. Further detalization could have distracted us 
from the general research line of the work consisting in application of energy 
and momentum conservation laws in terms of wave functions to the theory of 
nonlinear equations. This very method we use in solving the problem of the 
century, the problem of solvability of the Cauchy problem for Xavier-Stokes' 
equations of viscous incompressible fluid. Let us also note the importance 
of the fact that the laws of momentum and energy conservation in terms 
of wave functions are conservation laws in the microworld; but in the classic 
methods of studying nonlinear equations scientists usually use the priori esti- 
mates reflecting the conservation laws of macroscopic quantities. We did not 
focus attention either on obtaining exact estimates dependent on viscosity, 
lest the calculations be complicated. However, the pilot analysis shows the 
possibility of applying these estimates to the problem of limiting viscocity 
transition tending to zero. 
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